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The Theory of Surface Forces. 413 
other history of Earth and Moon, differing m~terially from 
s which Darwin has given us. 
w 35. Returning now to w t, an unanswerable question 
~)ccurs':--Were the primordial atoms relatively at rest in the 
most ancient time, or were they moving with velocities, 
relative to fixed axes through the centre of inertia of the 
whole, sufficiently great o give any considerable contribution 
to the present kinetic energy of the universe ? It  is con- 
ceivable that all the atoms were relatively at rest in the most 
ancient time, and that "the potential energy of gravitation 
may be in reality the ultimate created antecedent of all the 
motion, heat, and light at present in the universe"~. 
XLI .  On the Theory of Surface Forces.--III. 17re Physical 
.lleaning of the Unstable _Part of the Isotherm of James 
Thomson. By G. BAKKER r 
1. The Equations of Lord Kelvin for the _Pressure of the 
Vapour in the neighbourhood f a Cterved Capillary 
Laser. 
l • this periodical $ I have demonstrated~ that in a plane capillary layer of a liquid, which is in contact only with 
its vapour, the hydrostatic pressure (pl) Pe~Tendicular to its 
surface is equal to the vapour-pressure, but that on the con- 
trary the. hydro~tatie~ pressure (p.)p.: arallel to the surface of 
the capillary layer has a gra&ent m the direction of the 
normal to the surface. The relation between the pressure p~ 
and 1, where p denotes the density in a point of the capillary 
g 
layer, was given by the curve HUWVK of fig. 1 (p. 414) ; the 
curve HRGFPK presents the theoretical isotherm of James 
Thomson. I will now extend these considerations to a 
capillary layer which has the form of a spherical shell. 
Therefore I consider firstly a spherical bulb of vapour in 
equilibrium in the interior of a liquid. The capillary layer 
round about the vapour is in this case a spherical shell~ and 
* Quoted from "On Mechanical Antecedents of Motion, Heat, and 
Light," Brit. Assoc. Rep., Part IL, ]854 ; Edin. New Phil. Journal, vol. i., 
1855; Comptes .Rendus, vol. xl., 1855; republished in Sir William 
Thomson's  Math. and Phys. Papers,' -vol. it. p. 34. 
T Commumcated by the Author. 
:~ " On the Theory of Surface Forces--II. : Phil. Mug. Oct. 1907, 
pp. 515 & 526. 
Phil. Mug. S, 6. Vol. 15. No. 88. April ] 908. 2 F 
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414 Dr. G. Bakker on the 
the surface of the capillary layer is therefore concave to the 
81de of the vapour. Because the forces of attraction between 
Fig. 1. 
P 
. . . . .  ~, , ;; .-- UnCFP~.t~,,o.Z~otz,.. 
SF "~ W" 
~-A~s 
the elements of a liquid or vapour are perceivable through 
only a very small range, the potential V of these forces at 
some internal point depends only on the elements embraced 
in the sphere of action of which it is the centre, and should 
be thus for a homogeneous phase proportionate to the 
density p. For the potential function of the forces of attrac- 
tion we have thus : 
- -q r  
r  , 
which gives for the potential V the following di~erentiaI 
equation : 
~V ~V , ~2V = q2 V + 4~'jp. 
a.  ---v + * a7  (1) 
For our case, and in many others, it is necessary to intro- 
duce instead o[ the coordinates x, ?/, z more general coordi- 
nates and to transform the left of the equation (1)into a 
more general expression. For this purpose, we divide the 
whole space into elements of volume by a set of orthogonal 
surfaces. Such a system of surfaces cut one another, as 
every one knows, according to the theorem of Dupin, into 
lines of curvature. The differentials of these curves we shall 
9 , On the Theory of Surface Forces- - I . "  : Phil,  Mag. Dec. 1906, 
p. 558. 
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Theory oj Surface Forces. 415 
denote by du, dr, and dn. For the potential energy of the 
agent, which presents mathematically the fluid, we have 
found : 
q2 
where R denotes the force acting on unit of mass. 
This equation can be written :
1 ~V 2 [~V~ ~ 
8~fJ2j 
The variation of W gives : 
- -  VSV du dv d~ . . . . . . . . .  (3 )  
We put: dudv=dSx, dudn=dS~, dvdn=dS3 ; 
hence  : 
~v ~v ' ~v as._/ '(~vds 
--jf~ySu ? ?v 
~n 
The integral refers to the whole space, and the surface- 
integral, being therefore null, contributes nothing to the 
value of 3W. 
By the development of all the terms of the first volume- 
integral of (3) we get: 
5v 
, 
. . . . . . .  (~) 
We will now consider the " parallelepiped curvilinear '" 
constructed upon the differentials du, dr, and dn, which meet 
r "On the Theory of Surface Forces---I.": Phil. Mag. Dec. 1906, 
p. 559. 
2F2  
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416 Dr. G. Bakker on the 
in the same point. The base of this parallelepiped is : 
dSl =du dr. If we denote the element of the surface opposite 
to dS1 by dSl: we have, neglecting the infinitely small of 
higher order, 
(de1) -  dSl'--dS~ 
bn bn 
We find therefore 
8~, by bn dn -~- ~ dSldn --~ ~ (dSl'--dS). (5) 
du and dv are the elements of the curves of curvature in 
the considered point of the surface $1. Therefore 
(6) R, ] \ .~, 
If the surface-elements, denoted by dS~, be specially the 
elements of the equipotential surfaces and if cln denotes the 
differentials of the lines of force, we have 
bV bbV 
bb--~- b~ bV bV 
bu =0, by =0, ~7=0, ~-~=0, 
and the equation (4) gives with the aid of (5) and (6) : 
rbbg } 
~,~- ~z~+~)- :v  d,. (7) 
where dv denotes the element of volume. 
For the potential energy of the forces of attraction we have 
also the general expression : 
w=89 
Varying only the density, we have 
and thus 
~w=~v~pd~ +~j'~v a~=j~w.. (8) 
The equalization of (7) and (8) gives :
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Theory of Surface Forces. 417 
For u homogeneous agent we have :
3v  
5 5,i Bv  
3n =0,  and ~ =0.  
The differential equation passes therefore for a homogeneous 
agent into tile equation : 
V + 4~fx2p = 0. 
According to the theory of Gauss and van der Waals the 
potential energy of the fbrces of attraction must be in this 
case 
V---- -- 2ap, 
where a denotes the coefficient of the expression for the so- 
called molecular pressure of Laplace. Hence 
2~rfV =a. 
For a capillary layer, having the form of a spherical shell~ 
concave towards the vapour, we have therefore : 
V d2V 2)J' dV 
R dl~ =-V + 2ap, (10) 
where R denotes the radius of the sphere of equal density, 
which passes through the considered point, while dh indicates 
the diflhrential, of the normal (radius)to the surface of the 
capillary layer. This differential is reckoned positive in the 
direction : l iqu id - -4  vapour. 
I f  p denotes the pressure for a point of the theoretical 
isotherm, which corresponds to the density of the considered 
point in the capillary layer* we call #-----~vdp the thermo- 
dynamical potential in the considered point of the capillary 
layer. I f  gl indicates the value of /~ in the homogeneous 
phase of the liquid we have : 
V+2ap=t~-~r  . . . . . .  ( l l )  
For the homogeneous liquid- and vapour-phases, which 
limit the capillary layer, the potential V may be expressed by 
the formula of Gauss and van der Waals : 
V = - -  2ap, 
and therefore 
when #~ and #, indicate resp. the value of the thermo- 
dynamical potential in the liquid and in the vapour. In 
* We say that a point of the theoretical isotherm corresponds with a 
point in the capillary layer, when tho specific volume of the first has the 
reciprocal value of the density of the latter. 
t Phil. Nag. October 1907, p. 516~ equation (4). 
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418 Dr. G. Bakker on the 
fig. 2 t tGPK presents the theoretical isotherm, and surface 
~NHADN gives the absolute value of the integral ~=~vdp. 
Fig. 2. 
P 
/g  . \ ~  
- - "~. \ \ \ \ \ \ \ \ \ \ "  x. X%~ x \ \  "9 ~ ~ \ \ \ \ \ \ \ \ \ \ \  \ ,~ ' ,X~\ 'x~ 
'~ . ~'u~"~'e a ,F ,4D . S f  B ,K C S 
ABC *p . -vCw~ 
Vobgn - ,4x~s  
If the points A and C correspond with the points of the 
spherical surfaces, which limit the capillary layer, the 
equality of the thermodynamical potentials requires there- 
fore : 
Surface ~HADN = Surface ~KCQN. 
We put: NH----vi, K~T=v2, DA=vl  / and QC=v2/, and we 
consider approximately I~HAD as a trapezium. We have 
then : 
(v, + Vl')(pl -p ,  )=(v~ + v;) (p,--po). (12) 
In this equation vl and v2 indicate respectively the specific 
volume of the liquid and vapour in conLac{ with a plane 
capillary layer ; Vl / and v=' on the contrary denote respectively 
the specific volume of the liquid and vapour in contact with 
a capillary layer, which limits a spl~erical bubble of vapour. 
In the same manner pl indicates the pressure of the vapour 
in contact with a plane capillary layer, while pa and p, are 
respectively the pressures in the liquid and in the vapour, 
when these homogeneous phases are separated by a capillary 
layer, which has tho form of a spherical shell. 
From the equations (10) and (11) we may deduce : 
X~ d2V 2X ~ dV 
R dh ----#1--/~, . . . .  (10a) 
where pl----/~t indicates the value of the thermodynamical 
potential in the liquid. 
By differentiating (10 a), we obtain :
X2" d2V 2X2 d dV -- v dp, 
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Theory of Surface Forces. 419 
and on substituting the value of p in (10) we find by 
integrating, 
p~--pz = a -~ R I dh } dh. 
I f  R denotes a value between the minimum and maximum 
values of the radii of the spheres, which limit the capillary 
]ayer, we may write : 
P~ ~'~aoh (d%) ~" " (13) 
Now we have for the cohesion respectively in the direction 
of the lines of force and perpendicular to this direction* : 
{dV~ V~ 
S,=- -  ~-~. l \ dh ] -- x~- } 
: ; {dV,~ + V' l 
and S~ 8~rf I \ dh } ~ J" 
When further pl and p~ denote respectively the hydrostatic 
pressures in the same directions we have also ~ : 
S: - $1 = pl - -pv 
Hence : 
1 [dVX ~ 
The total departure from the law of t)ascal being the 
surface-tension t t  of Laplace~ we have thus : 
(dh-)  a =2a j ,  \ d h ] ' 
and equation (13) becomes 
.2I: (13a) 
p~ --p~-- - f f  . . . . . .  
By the aid of (12) we can write therefore the equations of 
Lord Kelvin in the form : 
v: + v~ ~ 2H '~ 
(i~) aud 9 
V2-~-V2 t 2~ i ' 
P~=Pl-v2+v~'--(v:+v1~ ) " R ] 
* Phil Mag. Dec. 1906, p. 564. 
Phil. M@. Dec. 1906,p. 564. The hydrostatic pressure p~ is therefore 
in the direction of the radius of the capillary layer. 
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420 Dr. G. Bakker on the 
w 2. The curves, which present ile relations between the hydro- 
static pressure pl (n the direction of the normal to the 
surface of the capillary layer and the reciprocal value 
l v= -of  the density ir~ the considered point. 
P . 
I f  8 denotes the thermic pressure in a point of the 
capillary layer, we may consider the hydrostatic pressure in 
every direction as the difference between 0 and the cohesion. 
In the direction normal to the surface of the capillary layer, 
we have therefore : 
p l=0- -S ,  
and (see above) 
s~=V "~ x~(dV'i~ 
4a Ya \~/"  
Hence 
w 
Pl=O-- -~a + 4a\dh /" 
Differentiating in the direction of the normal h, we find 
thus : 
dp1 dO V dV X ~ dV d~V 
d'-ff = dh 2adh q 2adh dh ~" 
Further : dS= - pdV 
and 
X2 ~d~V - -V- -2op= -Rdh2X~dV {see above, equation (10)}. 
Hence 
alp, X2{dV~ ' t 1 (dV~ 9' 2 (15) 
Now we have found above for the departure from the law 
of Pascal. 
1 [dV "~'~ 
P~-w = -(4Jfl, dT;-~ }" 
Equation (15) gives therefore : 
dp1 2(pl--p,) (16} 
dh -- R . . . . . .  
We have thus the following theorem : 
The gradient of the hydrostatic pressure Pl in the direction 
of the normal to the surface in a point of a capillary layer, 
which has the form of a spherical shell, is the product o) r the 
departure from the law of Pascal and the curvature. 
* The thermic pressure is the power of repulsion in the theory of 
Young. 
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Tl~eory of Surface.Forces. 421 
This theorem may also be demonstrated witlwut the aid of 
a special potential function in the following manner : -  
We divide the capillary layer (that may be limited l~y a 
arbitrary surface) into volume-elements by a system of 
orthogonal surfaces, of which one is presented by a surface 
of equal density. Every element, such as ABCD ArBrC'D r 
Fig. 3. 
D' 
C" 
must be in equilibrium under the action of the hydrostatic 
pressures round about this element*. Let Ra and tt 3 
denote respectively the radii of curvature of the elements AB 
and BC of the lines of curvature on a surface of equal density, 
while a and B be the angles AMB and BNC. Further, we 
indicate the hydrostatic pressures respectively in ~ direction 
perpendicular to the surfaces of equal densities and parallel 
to these surfaces by Px and p~, while the differential AA' of 
the normal MA is denoted by dh. The pressures on the faces 
BCC'B' and ADD/M are thus P2 • surface BCCIB ' =p.~t3R~dh 
and the pressures on the faces ABB'A' and DCC'D': p~aRldh. 
The components of these hydrostatic pressures inthe direction 
of the normal through the middle of ABCD are thus ; 
p~R2dh sin -~ and p~Rxdh sin 89 
For the pressures on the elements of surface ABCD and 
A'B'C/D I, we have 
/ dpl and (p, + dh ) + dh). + dh). 
* Gravitation is not considered. 
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422 Dr. G. Bakker on the 
When we substitute ~a for sin ~a and {fl for sin 89 the 
equation of equilibrium may be written 9 
aBR~p2dh +aflR1p2dh= (p, + ~dP' dh )a(R~ + dh)fl(R~ + dh)--pla~R, Rv 
Neglecting the infinitely small of higher order and omitting 
the common factors dh, ~ and fl, we find : 
dpl 
P:R~+p:RI=plRI +pIR~- dh R1R2... 
dpi (1 1) (16a) 
or dh =('Pl--P~) N + g,  " 
For a capillary layer which has the form of a spherical 
shell, we have thus : 
dp~ _ 2(p~--p:) (17) 
dh R . . . . . .  
I f  we consider the positive in the direction : liquid-vapour, 
equation (17) corresponds to a spherical drop of liquid, sur- 
rounded by vapour ; for, in fig. 3, we have considered h 
positive in a direction opposite to the direction of the radius 
of curvature. The equation (16a) may be expressed as the 
following general theorem : 
The gradient of the hydrostatic pressure Pl in a direction 
normal to tile surfaces of equal density in a point of an arbitrary 
capillary layer is equal to the product of the departure from the 
law of Pascal and the curvature of the surface of equal 
density, that passes through the considered point. 
I f  the curvature is null and the capillary layer therefore 
plane, we have properly :
dpl 2 (Pl--P~) _ O, 
dh 
or pl ---- constant ~ pressure of the vapour. 
For a capillary layer, which limits a spherical bubble of 
vapour, we have already found : 
dpj _ 2(p~--p~) (16) 
dh R . . . . . .  
Integrating the equation (16), we find immediately the 
theorem of Lord Kelvin : 
R"  
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Theory of Surface Forces. 423 
Now we have (see above) for every point of the capillary 
layer : 
, 
@1 Hence Pl >P2, and thus always ~ > 0. 
For a capillary layer, which limits a bubble of vapour, the 
hydrostatic pressure Pl increases therefore continually in the 
direction: liquid-vapour. The value pt of pl in the homo- 
geneous phase of the liquid is presented in fig. (4) by the 
ordinate of the point A, and the value p, in the homogeneous 
phase of the vapour by the ordinate of the point C. I f  
PB is the tangent at a point B of the curve ABC, we have 
@, 
PW=BW cot a=(pl--p2) : [lf~ = ~R. 
Fig 4. 
B 
p. : : :  . . . . . . . . . . .  . ' "  
h -Ax~ 
In the same manner, as I have demonstrated for a plane 
capillary layer *, we may prove that the curve,which represents 
the potential V of the attractive forces between the volmne- 
elements as a function of h, has only one point of inflexion, 
dV dpl 
or that dh" has only one maximum value. Because d--hi 
1 [dV~ {see equation (15)}, the curve, is proportionate to R\dh  ] 
which presents Pl as a function of h, must therefore have 
likewise a point of inflexion and the pl--h-curve has thus 
a form as the Curve ABC in fig. 4, The equation (15) 
may be written :
d~oi  1 [dV'~ ~ 2 d/t 
- 
* Phil. Mag. Oct. 1907, p. 517. 
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424 Dr. G. Bakker on the 
dv 
If therefore the gradient ~ of the reciprocal value of the 
density p v=~ has the same sign for every point of the 
cat)illa W layer*, the eurv% which presents Pl as a function of 
v, has a form as the curve ABC in fig. 2, where I tGPK pre- 
sents the theoretical isotherm. 
w 3. The curves, which represent the relations between the hydro- 
static pressure p: in a direction ormal to the radius and 
1 
the reci~vrocal value v =~ of the density in the considered 
P 
point of the capillary ldyer. 
The radius of the capillary layer, which has the form of 
a spherical shell, gives the direction of the lines of force. 
The hydrostatic pressure p2 is therefore in a direction ormal 
to the lines of force. ]f 0 denotes the thermic pressure and 
S~ the cohesion in the designed irection, we have 
p~=6--$2. 
Now the cohesion S~ in a direction ormal to the lines of 
force is given by the formula : 
= 1 f /dV \  ~ y2 
v= , idV'~,. 
Hence p= = 0-- 8~rfn~ 8~r ] 
In the direction of the lines of force the cohesion $1 is 
given by 
) .~-(dV'~, w 
Sl= 
- gT jL \a~- /  - ~0"  
Therefore : 
w ) [dV~ "~ 
p,  = e -  8,~/x--- ~ + ggf \Ta - I  " 
Further we have : a=2wfX'L (See above p. 411.) 
~-~enee 
V3 
PI+P2 =8- -  " (18):[: 
" 2 47""  
* In the Ann. der _Pity,. xvii. p. 478 (1905) I ha~'e demonstrated the 
great probability of this supposition. 
t Phil. Mag. Dec. 1906, p. 560. 
The hydrostatic pressm'es Pl and P2 may be also considered respec- 
tively as the maxinmm and minimum value of the pressures in the 
considered point. 
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Theo~:q of Surface Forces. 425 
We will denote half the stun of the max. and min. value 
of the hydrostatic pressure by ~, and write : 
p=O V~ 
4a . . . . . . .  (18 a) 
In differentiating (18 a) we have :
dp d~ 2VdV d6/ ,  Vv\ 
- 
dv = ~v 4a dv dv 
because d#----- -- pdV. 
Further we have: 
V + 2ap =/x l _  ~ * 
Thus dp d~/z I --/~ 
dv -- dv 2ap 
g is the thermodynamic potential of the homogeneous phase, 
which corresportds with the density of the considered point 
in the capillary layer. When the index 1 corresponds to 
the homogeneous phase of the liquid, we have 
p- - .1  = yl ~-'@. 
Fig. 5. 
D 
1. 
G 
! 
P 
: , ,  ', 
AUW V G = t~. -V  Curvv  
Sur f  = DA GM =Sur f - / .  s G I'1 
5urF=WHAD =Sur f -WXC# 
H K = emp]r / r  l~fh  
Y- A.z,/z 
If we construct, therefore, in fig. 5 the curve ~xEC, which 
presents half the sum of the pressures ~ol and P2 (p) as a 
* Phil. Mag. October 1907, p. 516, equation (4). See also above. 
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426 Dr. G. Bakker on the 
:t 
function of v=- ,  so is the point E of the curv% where the 
P 
ordinate has its maximum value, exactly the point of the 
theoretical isotherm for which/~=/~1, or : 
surface DAGM:surface LEGM. 
When, namely,/~----/~1, the equation 
V + 2ap :~.1-- p, 
gives V :  - 2ap, 
and the equation (18 a) becomes 
~=O--ap ~. 
Now, we have for the theoretical isotherm: 
p~O- -ap  ~. 
Hence ~ = p. 
w 4. The capillary la~/er, w/dch envelops a spherical 
drop of liquid. 
Hitherto we have considered a bubble ot" vapour, which 
was enveloped by liquid. Let us now consider a spherical 
drop of liquid enveloped hy the vapour. The capillary layer, 
which envelops the liquid, is in this case convex on the side o/ 
Hie vapour, and the differential equation for the potential of 
the forces of cohesion is, instead of the equation (10a) 
above: 
d~V 2~, "z dV 
X-~-~ + R dh =1~1--t~, 
while the difference between p~ and pt. is found by the aid 
of the equation (13) in changing R into --R. Hence 
2 X ~ l~ ldV\  ~ 2H (19) 
" ' =  " 9 9 
In the same manner as above, we find that the thermodyn. 
potential has the same value in the homogeneous phase of 
the liquid as in that of the vapour. It A and C in fig. 6 
are the points of the theoretical isotherm, which correspond 
respectively with the volumes of the liquid and vapour, 
which limits the capillary layer, we must have thus: 
surface DASQ =surface SCKH. 
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Theory of Surface Forces. 427 
The gradient of the hydrostatic pressure Pl normal to the 
surfaces of equal density may be deduced from the equation 
(16), when we change I~ into --R. Hence 
dp~_ 2(p~--p~) (20). 
3U-  • . . . . .  
o! 
N 
Fig. 6. 
6: 
Fol . , t r~ - ax_Lv 
The departure from the law of Laplace or ttle difference 
1 [dV~ ~ dpl ~Ol--p2~-.~f~k-d]t] being positive, the gradient ~-  is 
always negative. That the pl--V-curve has a point of in- 
flexion may be demonstrated in the same manner as above 
in the case of a capillary layer, which envelops a spherical 
bubble of vapour. Integrating (20) we have the well-known 
equation of Lord Kelvin: 
2H 
Pv--P~=-- R " 
The p~--v-curve may be studied in the same manner as 
above. 
w 5. The physical meaning of the unstable part of the 
Isotherm of James Thomson. 
We will now firstly resume the considerations with regard 
to the px--v-eurves in one figure. In the case that the 
vapour envelops the capillary layer, and that therefore the 
liquid is in the interior of the capillary layer, the maximum 
value of the pressure p, in the vapour corresponds with the 
This equation is the same as the relation (17). Above we have 
found this equation as a particular case of the more general relation (16a). 
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428 Dr. G. Bakker on tl~e 
point P in fig. 2 or fig. 6;  while in the case that the 
capillary layer is enveloped by the liquid, the minimum value 
of the pressure p~ in the liquid is given by the point G in 
fi~s. 2 and 6. We geL, therefore, for the complete set 
of pl--v-curves the curves of fig. 7. The curve  A 1 01 cor- 
responds to a vapour-bubble, for which the pressure in the 
Fig. 7. 
6 f 
A~ 
liquid, round about it, has a minimum value. The corre- 
sponding radius of the spherical vapour-bubble is given by 
the formula: 
Rv--~, _ ;~,~+v~' 2H' 
- -  2- -u9  -- (Vl_]_Vlt) p l __pmin.  , (21)  
where p~,~=p~ corresponds to the point A 1. Because the 
~otal departure of the law of Pascal has not necessarily 
reached already its maximum value, I have written H' instead 
~)f H, H presenting the maximum value of the surface- 
tension*. In the following manner we may show that 
nevertheless H / is of the same order of greatness as H. For 
the temperature T = 0"~44 Tk I have found t that the thickness 
When,  namely~the radius of the spherical vapour-bubble has a value 
of the same order as the sphere of action, or smaller, the surface-tension 
is a function of the radius. 
Zeitschr.f. phys. Chem. li. pp. 358 & 361 (1905). In the Phil. Mag. 
for October 1907, p. 522, I have given for a temperature T =0'82Tk : 
h = surface-tension 
vapour-pressure 9 
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Theory of Surface Forces. 429 
]~ of a plane capillary layer may be expressed by 
3H 
1 =2p 
where I-I is the ordinary constant of Laplace, and Pl the 
pressure of the wpour. If we accept he equation of state 
of van der Waals for the homogeneous phase, we have for 
this temperature * 
while the proportion between the specific volume v~ of the 
vapour and that of the liquid is about 19. Hence (see 
equation (19)): 
19 2H' 19 2H r 4 H' .  (22) 
R,=circa 18" T: =~ ~- =~-I~. 
2h 
Now the radius of the bubble of vapour must be at least 
the average distance between two molecules, and because 
this distance has i~, the vapour a value of the order of the 
radius of the sphere of action, the cohesion of the vapour 
being practically null, we see that in the formula (22) the 
minimum value of R~ is of the same order as h, and H' must 
therefore be also of the same order of greatness as H, then 
h, the thickness of the capillary layer, is of the order of the 
sphere of action. 
The curve A 6C a corresponds to the other-limit. The 
radius of the corresponding spherical drop of liquid is given 
by the formula: 
vl + v:" 2H" 
R,= ,, . . ( ga) v~ + v~ -- (v:+ v:') p .. . .  -p l  
g ~/denotes the departure from the law of Pascal, vl and 
v2 are respectively the abscissa of H and K in fig. 7, and 
vl" and v~" the abscissa of A G and P. If the radius of the 
spherical drop of liquid has a measurable value we have: 
Every point of the part PK  (fig. 7) of the theoretical 
isotherm we have thus brought in connexion with a spherical 
drop of liquid. If C~ is the considered point, the ordinate 
and the abscissa of this point give respectively the pressure 
p~ of the vapour which surrounds the drop and the recip- 
rocal value of the density of the vapour. The pressure p~ of 
the liquid in the interior of the drop is given by the ordinate 
of As, for which the ther,nodynamical potential has the same 
J. D. van der Wauls, .Kontinuitiit &c. p. 105 (1899). 
Phil. Mag. S. 6. Vol. 15. !qo. 88. April 1908. 2 G 
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430 Dr. G. Bakker on the 
value as for the point C~. The reciprocal value of the 
density of the drop is given by the abscissa of A~. A con- 
formable consideration we may make for each pair of points 
below the part I-IK of the empiric isotherm. I5 for instance, 
in the points A. 2 and C2 the thermodynamic potential has the 
same value, these points determine the state of a spherical 
bubble of vapour and of the liquid which surrounds the bubble. 
In the same manner we have found above, that a pair of points 
above the part HK  of the empiric isotherm determine the state 
of a spherical drop of liquid with its vapour. 
A part of the theoretical isotherm that we, however, have 
not considered hitherto is the part AlP (fig. 7). This part 
of the isotherm corresponds, as everyone knows, with the 
phases, which cannot be realized under uniform pressure, 
because the pressure would be increased with the increase of 
the volume. Therefore Maxwell says in his text-book ' Theory 
of Heat':  " We cannot, therefore, expect any experimental 
evidence of the existence of this part of the curve, unless, as 
Prof. J. Thomson suggests, this state of things maj exist in 
some part of the thin superficial stratum of transition from a 
liquid to its own gas, in which the phenomena of capillarity take. 
Tlace." 
~Tow the curve AEC in fig. 5 presents the relation betweea 
half the sum of the maximum and minimum value of the 
pl + p2 pressure ( ~  =~,  in every point of the capillary layer 
and the reciprocal value of the density in this point, and, as 
I have demonstrated above, the point E on the curve AEC, 
where the ordinate has its minimum value, and where the 
~ermodynamical potential has the same value as in the 
homogeneous phases of the liquid and the vapour (the cor- 
responding points are A and C) lies exactly on the theoretical 
isotherm. Therefore we have the following theorem: 
_Every pair of points of the isotherm, for which the thermo- 
dynamical potential has the .~ame value (fig. 8) (as As and Cs, 
A7 and C7 &c.), corresponds above the rectilinear part HK of 
the empiric isotherm to a spherical drop of liquid, suc]t, that 
the state in the interior of the drop and the state of the vapour, 
which surrounds it, is determined in" a singular manner by the 
situation of this pair of poi,ts. In the same manner, every: 
pair of points below t/~e rectilinear part ~K of the empiric 
isotherm (A3 and Ca, A~ and C2, &c.), ):or which the thermo- 
dynamical potential has the same value, corresponds to a 
splterical bubble of vapour. I f  we now construct he curves, 
such as A6B6C6, AaB3Cs, &c., wldch present l~e relation between 
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Theory of Surface-Forces. 431 
pl + P~ of the maximum and minimum pressure half the sum p = 
and the reciprocal value of the density for every point of the 
Fig. 8. 
%% l % ~' 
_~i_ 1 % ~ \\ %% 
capillary layers, which envelops the spherical drops and the 
spherical vapour-bubbles, the minima of these otrves present 
exactly the unstable part Aj FB6C s of the theoretical isotherm 
of James Thomson. 
The densities of the unstable phases of the isotherm 
are thus present in the considered capillary layers under 
a system of pressures, which are dependent on the direcHon, 
the maximum and minimum values of these pressures being 
respectively in the direction of the lines of forces and 
perpendicular to the latter. The theorem above gives thus 
the physical meaninq of the unstable part of the theoretical 
isotherm of James Thomson. 
2G2 
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